We investigate local electromagnetic field enhancements in oligomers of plasmonic nanospheres. We first evaluate via full-wave simulations the field between spheres in several oligomer systems: linear dimers, linear trimers, trimers 60°, trimers 90° and linear quadrumers. To gain a better understanding of the field enhancement values, we compare the results with local fields in a hexagonal close-packed (HCP) configuration with same structural dimensions. We then inter-relate the field enhancement values found via full-wave simulations to SERS enhancements of actual fabricated self-assembled oligomers. We find that linear oligomers provide the largest field enhancement values. Finally, we provide closed-form formulas for the prediction of the resonance frequency responsible for field enhancement in linear oligomers, namely dimers, trimers and quadrumers, modeling each nanosphere as a single electric dipole. These formulas provide with resonance values less than 7% shifted when compared to full-wave results even when the gap between spheres is only about one fifth of the radius, showing the powerfulness of dipolar approximations. The results shown in this paper demonstrate that ad hoc clusters of nanospheres can be designed and fabricated to obtain larger field enhancements than with the HCP structure and this may pave the way for the development of improved sensors for molecular spectroscopy. 
Introduction
Metal nanoarchitectures, such as arrangements of nanosphere clusters with nm (<10 nm) separation, have application in many technologies, including medical diagnostics, solar cells, and sensors, because of the strong near-field plasmonic coupling and local field enhancement that arise between nanospheres in such configurations [1] [2] [3] . Moreover, metal nanoarchitectures may lead to strong surface enhanced Raman scattering (SERS) intensities [4] depending on parameters such as size, shape, morphology, arrangement, and local environment.
SERS intensities of the adsorbates rhodamine 6G and thiophenol from substrates consisting of arrays of electromagnetically coupled silver nanoparticles on silicon [hexagonal close-packed (HCP) configuration] were found to increase rapidly with decreasing interparticle separation in [5] , signaling the importance of strong inter-particle coupling effects in SERS. Similar conclusions were reported in [6] . The discrete dipole approximation has been employed to investigate the electromagnetic fields in monomers and dimers of silver nanoparticles with emphasis on what size, shape, and arrangement leads to the largest local electric field enhancement near the particle surfaces [7] . For the dimers case, the authors of [7] have shown that the spacing of the particles in the dimer plays a crucial role in the field enhancement. In [8] , the electric field has been shown to be confined at an interstitial site in the aggregate (dimers or trimers of gold nanospheres). Plasmon energies and absorption spectra of triangular trimers and square quadrumers have been analyzed in [9] using group theory. The possibility of achieving large field enhancements has also been shown in [9] . SERS intensities for individual Au nanospheres, nanoshells, and nanosphere and nanoshell dimers coated with non-resonant molecules were measured in [10] , showing also that suitably fabricated nanoshells can provide SERS enhancements comparable to nanosphere dimers.
An overview of the development and application in chemical, environmental and biomedical areas of SERS techniques using metal-coated nanostructures on solid substrates has been shown in [11] . Extremely high SERS enhancement levels can occur for molecules attached to silver and gold nanoclusters making them very promising tools for studies of small structures in biological materials, such as cellular compartments [12, 13] . An experimental study of SERS enhancement from molecules adsorbed on the surface of individual clusters of gold nanoparticles of two types, namely, nanospheres and nanocylinders, has been performed in [14] , where the authors have also compared the signal from clusters of two, three, four, and five nanoparticles with the signal from single particles. They have shown that the scaling of SERS intensities from clusters of nanospheres is nonlinear with the number of particles, in contrast to the linear dependence in the case of nanocylinders. The non-linear scaling was found to be consistent with the near-field enhancement from inter-particle coupling simulated for clusters of spheres arranged in representative observed geometries. The variations in SERS enhancement factors from clusters of nanocubes were analyzed in [15] , and correlated with cluster size and configuration, as well as laser frequency and polarization, showing an increase in the reproducibility of the enhancement and an increase in the average enhancement values by increasing the number of nanocubes in the cluster, up to 4 nanocubes per cluster.
Light-scattering and field localization properties of circular loops of closely spaced gold nanoparticles have been shown in [16] , aiming at optimizing their near-field properties for plasmon-enhanced spectroscopy and sensing. Gold nanoparticle clusters have been shown to be an excellent substrate for SERS applications for several biological molecules in [17] . Nanosphere cluster arrays (made of clusters of up to seven 60 nm gold nanospheres) have been analyzed in [18] as a function of size and cluster geometry through a combination of experimental spectroscopy and Mie theory calculations, pointing out the polarizationinsensitive responses and high electric field intensity enhancements of trimers and heptamers configurations. This kind of arrays has been also studied in [19] , showing the dependence of SERS intensity on the number of particles per unit cell cluster as well as the cluster edge to edge separation. A review of SERS in metallic nanostructures arising from electromagnetic hot spots has been presented in [20] . An overview on the fabrication and SERS studies of individual nanoparticles, nanojunctions and hierarchical nanoaggregates has been recently reported in [21] . The fabrication of self-assembled nanojunctions and their predisposition to generate field hot spots have recently been discussed in [22] .
We have recently shown in [23] that large SERS signal enhancement and good point-topoint reproducibility is achievable using a completely non-lithographic fabrication process, thereby producing SERS substrates having high performance at low cost. We are thus now interested in having a deeper insight of the field enhancement achievable by using representative metal clusters: linear dimers, linear trimers, trimers 60°, trimers 90° and linear quadrumers of nanospheres. In particular, we perform full-wave simulations using a finite element method (FEM) in the frequency domain (using High Frequency Structure Simulator -HFSS -by Ansys Inc.) and a finite-difference time-domain (FDTD) method (using FDTD Solutions by Lumerical Solutions Inc.).
Our work significantly differs from the ones previously described for the following reasons. We aim to analyze the resonance conditions of different clusters for achieving maximum SERS field enhancement, varying geometrical dimensions. In particular, we show that linear oligomers morphologically lead to stronger enhancement values, at the cost of dependence on the polarization of the illuminating wave. We perform SERS measurements in self-assembled fabricated substrates and inter-relate experimental and simulation results. Furthermore, we provide closed-form formulas that allow the prediction of the resonance wavelengths of linear oligomers with an error less than 7% with respect to full-wave results when the gap between nanospheres is even as small as about one fifth of the radius. Finally, we compare enhancements in oligomers to enhancements in HCP configuration with same structural dimensions, providing evidence that the former exhibit larger enhancement values, paving the way for extremely large SERS enhancements, for example. To the authors' knowledge, there has not been a direct proof that ad hoc oligomer designs might provide larger SERS enhancements than ordered HCP configurations with same structural dimensions, and this is an important result that should be taken into account for future designs.
Field enhancement in clusters of plasmonic nanospheres
The fabrication procedure of a self-assembled SERS substrate is schematically illustrated in Fig. 1(a) . The process begins with functionalizing citrate-stabilized ≈23nm Au nanospheres with thioctic acid ligands in colloidal solution for subsequent assembly on a chemically patterned substrate. The substrates have a thin film of polystyrene-block-poly(methyl methacrylate), PS-b-PMMA, on its surface where PMMA regions are functionalized with primary amine groups using ethylenediamine/dimethylsulfoxide (ED/DMSO) solution [24] . 1-Ethyl-3-[3-dimethylaminopropyl] carbodiimidehydrochloride (EDC), via coordination cross-linking chemistry with N-hydroxysulfosuccinimide (S-NHS), was then used to anchor the Au nanospheres onto functionalized PMMA domains [25] . A scanning electron microscopy (SEM) image of a fabricated sample is shown in Fig. 1(b) . Single Au nanospheres, dimers, trimers, and quadrumers are observed on the sample surface, in addition to more complicated clusters. SERS measurements of benzenethiol molecules on similarly fabricated substrates with a high areal coverage of nanosphere oligomers were previously shown to lead to low molecular detection limits [23] . We then perform full-wave simulations of selected fabricated clusters of nanospheres with the aim of demonstrating the formation of field hot spots in experimentally achievable systems. In previous work, we have found Au nanoparticle oligomers are influenced by the shape of the chemical domain [25] . Thus integrating the chemical assembly process referred to here with ordered diblock copolymer surfaces [26] [27] [28] is a promising approach for selecting between triangular type oligomers and linear oligomers. The simulated system is reported in the left side of Fig. 2 and is composed of Au nanospheres having diameter of 23 nm, in agreement with performed dynamic light scattering measurements of nanosphere diameters (with Au permittivity matching the values from [29] ). [Dynamic light scattering, also known as photon correlation spectroscopy, is a technique that enables the measurement of the size of particles in solution by correlating their relative Brownian motion using the Stokes Einstein relation.] The nanospheres have been assumed to be embedded in a layer with dielectric constant of 2.47 (40 nm thickness) which accounts for the PMMA layer thickness and includes a homogeneous layer of benzenethiol molecules on top, on top of a silicon substrate (same setup of [23] ). The gap between the nanospheres is assumed to be 2 nm for the simulations in this section as typically observed in SEM images of our fabricated SERS substrates that rely on Brownian motion (i.e., diffusive movement of the nanospheres in colloidal solution) to bring Au nanospheres to PMMA regions. The same inter-particle distance was used in HCP structures for accurate comparison. For simplicity of calculations, we assume that the clusters in Fig. 2 are arrayed in a square lattice, with a period large enough so that arrays unit cells are weakly coupled to insignificantly affect the maximum field between the nanospheres in a cluster. We then show in Fig. 2 (a)-2(i) normalized electric field magnitude maps (with respect to their relative maximum) showing the magnitude (of the phasor) of the electric field outside of the nanospheres retrieved from a FEM-based full-wave simulation for x and y polarizations of the illumination. The field maps depict a region of space in the x-y plane at the location indicated by the dashed red line in the simulation setup reported in Fig. 2 ; the polarization of the incident wave is also sketched by an arrow in each part To better understand the field localization properties, we plot in Fig. 3 the normalized electric field magnitude map on the plane indicated by the orange dashed line at the midpoint of a quadrumer at 633 nm. In particular, we observe that the field diminishes by 10 dB (i.e., 3.16 times) at a distance of about 5 nm from the center when considering 2 nm gaps, and at a distance of about 7 nm from the center when considering 4 nm gaps (in agreement with the results reported in [30] for silver nanoparticles, where the reader is addressed for a deeper analysis onto field confinement versus gap size). One may then ask whether for practical applications it is better to have more localized, strong fields rather than lower fields more spread in space. We postpone this analysis to a future effort as we move onto justifying experimental results on our fabricated samples. After having understood the large localization of fields in Fig. 2-3 , we are interested in the strength of the field that can be achieved in different oligomer configurations. Thus the cluster field enhancement, intended as E cl / E 0 , occurring between the nanospheres is calculated, where E 0 is the field magnitude without clusters (still accounting for the multilayered environment in simulation) and E cl is the field magnitude with clusters. We illuminate again each structure with a plane wave orthogonal to the surface, x [as in Fig. 2 (a)-2(f)] and y [as in Fig. 2 (g)-2(i)] polarized for the range of excitation wavelengths between 400 and 1200 nm. The field enhancement results were evaluated exactly at equal distance between the nanospheres, where the field is stronger in Fig. 2 (a)-2(i) and are summarized in Figs. 4, 5, 6 for x and y polarizations at two different locations, namely d = 0 and d = r / 2, i.e., at and close to the symmetry longitudinal axis. For example, for the linear quadrumer case, the field enhancement has been evaluated between the inner spheres. The parameter d represents the distance in the direction orthogonal to the gap axis. For clarity, the meaning of d is schematically shown in the inset in Fig. 4(a) for a dimer configuration. For x polarization, the result pertaining to the linear oligomers (Fig. 4) is also reproduced via a FDTD-based fullwave simulation, which is in good agreement with the FEM result. In particular, the field enhancement retrieved via FDTD is slightly smaller than the FEM one, whereas the resonance wavelengths predicted by the two full-wave simulations are in good agreement. The agreement between the two very different full-wave simulators attests the reliability of the data shown in this paper. The data in Figs. 4-6 leads to many observations as detailed in the following. Stronger field enhancement (with peak of about 2 orders of magnitude) is achieved with linear oligomers (dimers, trimers, quadrumers) around the band 500-800 nm with respect to a HCP configuration and also to other trimer configurations. Remarkably, the HCP with the same structural dimensions resonates at about 730 nm and it is peculiar that it does not allow for field enhancements stronger than about 26. The linear trimer resonance frequency is red shifted with respect to the dimer's one, also providing a larger field enhancement, as it happens also in the linear quadrumer case with respect to the linear trimer one. This result is in agreement with what reported in [31] , where one can also infer that increasing number of particles in a linear oligomer system (even larger than 4, the maximum analyzed here) may provide with larger enhancements at red shifted frequency values, till saturation is reached (i.e., resemblance to an infinite chain of nanospheres). Note also that the field enhancement has a nonlinear dependence on the number of spheres. For example, resonance saturation has been estimated to be reached with 20 particles for Ag particles in free space in [30] . Similar arguments may apply also to the field enhancement. When considering triangular trimers and HCP, one polarization, x, leads to slightly stronger field enhancement with respect to the other, y. In particular, linear oligomers provide stronger field enhancement than triangular clusters, when the polarization matches with the axis of the linear cluster. Vice versa, triangular clusters provide slightly weaker field enhancement than linear oligomers, still considerably larger than HCP, but their field enhancement is robust with respect to the polarization of the incident wave. The results regarding resonance wavelengths and maximum field enhancements reported in Figs. 4-6 are summarized in Table 1 for better readability. These results show that ad hoc clusters can be designed and fabricated to obtain larger field enhancements than with the HCP structure for the particle dimensions considered in this paper. Therefore, they show that the increased number of oligomer arrangements is important for use in sensing applications and molecular spectroscopy. 
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Strong field enhancement for surface enhanced Raman scattering (SERS)
The promising results relative to substrates with discrete clusters of nanospheres versus substrates with higher uniformity and coverage (i.e., HCP) reported in the previous section shed light onto the full benefits of the former, and thus motivate further analysis. Chemical assembly as described in Fig. 1 produces closely spaced nanospheres in discrete clusters. While using self-assembly methods there is a distribution of different types of clusters observed on the surface; we then analyze SERS experimental data from substrates of such surfaces with Au nanospheres arranged in clusters with adsorbed benzenethiol molecules on top. The measured SERS intensity of benzenethiol vibrational modes is shown in Fig. 7 (a) (where the υ mode corresponding to a Raman shift of 1571 cm −1 is explicitely indicated). The blue dashed line corresponds to a sample that has 16% of Au oligomers on the surface (magnified 20 times). The red solid line has instead 90% of Au oligomers. The remaining 84% and 10%, respectively, consists of isolated nanospheres. There is a clear increase in SERS intensity when the sample surface is composed primarily of oligomers despite the fact there is a distribution of different types of oligomers on the surface. Representative oligomers are shown as insets in Fig. 2(a)-2(e) . The SERS enhancement values from experimental data have been retrieved as explained in the Supplementary Information in [23] , obtaining 2 × 10 8 from the sample with 16% coverage and 3 × 10 9 from the sample with 90% coverage, when illuminating with a laser at 633 nm. The reason of this large SERS enhancement is mainly attributed to the highly strong and localized field enhancement observed in Sec. 2. It is well known that the SERS enhancement is proportional to the fourth power of the field enhancement, therefore we report in Fig. 7(b) the theoretical SERS enhancement calculated as (E cl / E 0 ) 4 using the result computed via the FEM-based full-wave simulation in Fig. 4 pertaining to the linear oligomer configurations. Linear oligomers provide with the largest enhancements among all the configurations shown in Figs. 4-6 . With quadrumers, we estimate SERS enhancements as high as 3 × 10 8 , purely looking at the field. This enhancement is however smaller than the maximum value of 3 × 10 9 shown in the experimental data pertaining to the sample with 90% coverage of Fig. 7(a) . This difference is expected for three reasons. First, other more complex oligomer configurations observed in SEM images than the representative ones analyzed in this paper are present and may induce a stronger field enhancement. Second, in the calculations we have completely neglected any molecule-cluster near-field interaction, which might further enhance scattering. Accurate investigations accounting for such interactions will be carried out in the future, for example simulations that include dipolar scatterers in the gap between nanospheres to justify higher enhancements than those in Fig. 7(b) . Third, we have assumed to have oligomer configurations with 2 nm gaps. However, gap size plays a major role into field enhancement, as shown in the analysis in the next section. Differences in gaps with actual fabricated structures may justify the discrepancies between experimental SERS enhancement and theoretical estimations in 
Effect of gap size onto field enhancement
It is expected that stronger field enhancement values are obtained when the nanospheres are very close to each other, i.e., the gap is small, trend shown for example in the case of a dimer in [32] . Electrophoresis deposition (EPD) allows for spacing between nanospheres as low as ≈1 nm [33] . The fabrication method is similar to that described in Sec. 2, with the difference being the EPD method uses the PS-b-PMMA thin film deposited on highly doped Si as the working electrode to drive Au nanospheres to the surface. A Pt electrode is suspended in the aqueous Au nanoparticle solution as the counter electrode. Zeta potential measurements of the thioctic acid functionalized Au nanospheres exhibit a negative zeta potential and thus in solution the nanospheres will be attracted to the Si sample surface with the PS-b-PMMA thin film when positive bias is applied. An SEM image of a fabricated substrate using EPD is reported in Fig. 8(a) . By comparing the SEM image in Fig. 8(a) with the SEM image in Fig.  1(b) , we observe narrower gaps when using EPD. This fact motivates the theoretical analysis shown in what follows. In particular, we are now interested in understanding how the gap size affects the results in Sec. 2 for the linear oligomers, shown to provide the largest enhancements.
The estimated theoretical SERS enhancement for varying gap size is reported in Fig. 8 (b)-8(d). Note that a slight increase in the gap size dramatically affects the SERS enhancement, going from about ≈10 10 for the quadrumer case with 1 nm gap to about ≈3 × 10 8 when the gap is 2 nm, i.e., about two orders of magnitude decrease. We note also the resonance blue shift for increasing gap size, in agreement with the results shown in [34] . Note that, although we observed for linear oligomers an increase in the field enhancement with increasing number of particles, the gap between them is the most critical parameter for achieving very strong SERS enhancement that would in principle lead to single molecule detection [35] . 
Prediction of resonance frequencies in linear oligomers
As shown in the previous sections, a large field enhancement is observed in the case of oligomers rather than the HCP configuration. Within the oligomers, the linear configurations have provided with the largest enhancements, even though they are limited to a specific polarization of the incident wave. For this reason, in this section we aim at predicting the resonance frequencies of such oligomers providing simple closed-form formulas. These expressions also permit to account for the presence of a host medium with permittivity different from that of free space. We employ the single dipole approximation (SDA) [36, 37] which is a procedure that provides with results with good accuracy when all the dimensions are subwavelength and the gap between nanospheres is approximately the same as the radius (or larger). In the cases analyzed in the previous sections, these conditions are not completely satisfied as the gap is smaller than the nanosphere's radius, thus multipolar contributions may not be negligible. Therefore, the accuracy of the SDA model will be discussed in what follows. When a subwavelength metallic nanosphere is immersed in an electric field E , it can be modeled as an electric dipole via SDA [36, 37] , for which the induced electric dipole moment is given by loc ee α = p E , where loc E is the local electric field at the particle location and ee α is the nanosphere's isotropic electric polarizability. A commonly used expression for the inverse polarizability of a nanosphere is given by the quasi-static approximation including damping correction [37, 38] [electromagnetic fields are assumed to be time harmonic with a exp( ) i t 
where h ε is the relative permittivity of the medium hosting the nanosphere, and 0 ε is the absolute permittivity of free space. Moreover, r is the sphere radius,
is the host medium wavenumber, with 0 k denoting the free space wavenumber, 0 c the speed of light in free space and m ε is the relative permittivity of the metallic nanosphere, which is described in this section by the Drude model
In Eq. (2), ε ∞ is a high-frequency fitting parameter, p ω is the plasma frequency of the metal (expressed in rad/s) and γ is the damping factor (expressed in 1/s). For gold, [39] . In general, this model provides a reasonably accurate description of the dielectric properties of the metal across the infrared and optical frequency ranges.
In Fig. 9 we report the three linear configurations excited by a normally incident plane wave as in Sec. 2. Such plane wave will excite each nanosphere, which will be polarized along the direction of the electric field E; consequently, each nanosphere will have the induced dipole moment p i , i = 1, …, 4, as pictorially depicted by the red arrows in Fig. 9 .
The derivation steps of the closed-form formulas for the resonance frequencies of each oligomer system in Fig. 9 are summarized in Appendix A, and the final formulas are here presented and discussed. The resonance frequency for each configuration can be expressed as 
with s the center-to-center distance between two nanospheres. We summarize in Table 2 the resonance wavelengths for each cluster type (assuming a gap of 2 nm) estimated by using the FEM full-wave results in Fig. 4 using the simulation setup shown in Fig. 2 and referred to as Method (I) in Table 2 . We then perform FEM fullwave simulations of an equivalent system in which the clusters are embedded into a homogeneous space with relative permittivity 
where FEM λ is the resonance wavelength evaluated using the FEM full-wave simulation in homogeneous environment [Method (II)] and th λ the resonance wavelength estimated using the correspondent theoretical model. As mentioned above, multipolar contributions should be included because of the close proximity of the spheres; however, using the closed-form formulas in Eqs. (3)- (6) we observe an error less than about 7% in the estimation of the resonance wavelength even when the gap is about one fifth of the nanosphere's radius, showing that it is sufficient to account for dipolar processes only when estimating the cluster resonance. For better accuracy of the results, we also model the nanospheres using the Mie electric polarizability [36, 40] in place of the quasi-static expression in Eq. (1), and include field retardation effects [neglected in Eqs. (3)- (6)]. However, this in turn avoids the determination of simple analytical closed-form formulas. Nonetheless, we solve numerically the equations reported in Appendix A and evaluate the resonance wavelengths, also reported in Table 2 , Method (IV), in better agreement with FEM results, Method (II), since the relative error Err is about 5%, smaller than the one computed when using the closed-form formulas [note that using Method (IV) in this case the resonance wavelength of an isolated nanosphere is 532 nm]. In principle, the estimation of the resonance wavelengths would be even more accurate if a realistic model for the gold permittivity were adopted, as also shown in Table 2 , Method (V), with a smaller relative error Err of about 4%, when using gold permittivity data from [26] .
In order to show that the SDA model gains accuracy when the gap increases, we show in Table 3 similar results to Table 2 pertaining to linear clusters of nanospheres assuming a gap of 4 nm. Note the reduction of the relative error Err, direct proof of the improvement in accuracy, reaching errors of the order of 1% [Method (V), Table 3 ]. We want to stress that even though with the theoretical model shown here for gaps of the order of 2 nm we achieve an error Err of about 7%, the simple closed-form formulas in Eqs. (3)-(6) may be used as guidance for the design of cluster resonances for a required application, such as in resonance with a commercial laser line for molecular spectroscopy. We want to point out that the SDA can be used to retrieve spectral features with good accuracy, as also recently shown in [41] .
Finally, we investigate the capability of the simpler but approximate SDA model in the estimation of the field enhancement for linear oligomers as in Fig. 4(a) . We assume gold nanospheres [29] with 23 nm diameter and 2 nm gap in a homogeneous environment with 2.47 h ε =
. We retrieve the nanospheres' dipole moments by using the model in Appendix A; then, we employ the dyadic Green's function to calculate the field enhancement evaluated as E cl / E PW shown in Fig. 10 , where E PW is the plane wave field magnitude without clusters and E cl is the field magnitude with clusters, occurring between the nanospheres. We observe the same trends noted in Fig. 4(a) also in the SDA results in Fig. 10 , although values are not directly comparable to the ones in Fig. 4 (a) as we are analyzing spheres in homogeneous environment (i.e., without substrate). 
Conclusion
We analyze field enhancement in systems of oligomers of plasmonic nanospheres, highly localized between the nanospheres. We observe the generation of large field enhancement values in linear and triangular oligomers when compared to a hexagonally close-packed structure with the same physical dimensions. Within the oligomers, linear systems are found to provide the largest enhancement values. Slightly lower enhancements, but insensitive to the illumination polarization are achieved when using triangular oligomers. We also observe a frequency red shift in the resonances of linear systems when increasing number of spheres. This red shift is estimated by using the provided simple closed-form formulas that allow for the estimation of the resonance wavelengths for each system with about 7% error when the gap is one fifth of the nanosphere's radius. The achieved large field enhancement values provide with the evidence that systems of oligomers may be employed for SERS applications and exhibit the potential to lead to single molecule detection if further improved.
